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Abstract
The formation of spatially localized patterns in a system with subcritical instability under
feedba& control with delay is investigated within the framework of globally-controlled Ginzburg-
Landau equation. It is shaovn that feedbad cortrol can stabilize spatially-localized solutions. With
the increaseof delay, these solutions undergo oscillatory instability that, for large enough cortrol
strength, result in the formation of localized oscillating pulses. With further increaseof delay the

pulse amplitude blows up due to merging of stable and unstable limit cycles.

PACS numbers: 47.54.+r, 89.75.Kd



. INTR ODUCTION

Variousnonlinearextendedsystemsare subject to saturablemonotonicshort-wave (\T ur-
ing") instabilities leading to the formation of stationary patterns®. The most well know
examplesare Rayleigh-Benard corvection and Turing patterns in reaction-di usion systems.
In the one-dimensionatase the genericequationgoverning the pattern ervelope (amplitude)

function A(x;t) is the Ginzburg-Landauequation,
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with real coecients , D > 0and > 0. In the subcritical region, < 0, the solution

JAIPA; 1)

A = 0 correspnding to the equilibrium state is stable. In the supercritical region, the time
ewlution of the amplitude function is characterizedby a monotonic decreaseof a Lyapunov
functional (\Ginzburg-Landau free energy") and asymptotically leadsto a stable stationary
spatially-periodic solution with a waverumber within the Eckhaus stability interval, k? <
= (3D)*. Other kinds of stationary solutions, suc as spatially-localized and quasiperiodic
solutions, are unstable. This providesthe explanation of the formation of ordered patterns
from disorderedinitial conditions.

Somenonlinear systemsexhibit non-saturable(subcritical) instabilities, correspnding to
the case < 0in (1). In this case,the Lyapunov functional is not boundedfrom below, and
the solution of (1) blows up in a nite time. Of course,the description of the underlying
physical problem by meansof the weakly nonlinear equation (1) fails in this case.Howeer,
the blow-up of solutions can be preverted by a nonlinear feedba& cortrol. An example of

sud a cortrol, which leadsto the following modi cation of the Ginzburg-Landauequation,

@ @A .
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where K [A] = pmax, jA(X;t)j, p > 0, has been consideredin®, whereit was applied for
modeling the suppressionof a morphological instability of a solidi cation front. It was
shown that the stability properties of stationary solutions of (2) signi cantly di ered from
thoseof (1). All the spatially-periodic solutions of (1) turned out to be unstable, while the
only stable solution obsened in numerical simulations correspndedto a localizedone.
Usually, in systemswith feedba& cortrol, there is a delay betweenthe measuremen of

the systemparametersby sensorsand the application of cortrol action by actuators. In some



systemsthis delay is small and can be neglected. The analysisdescribed above is valid for
this case.In the presen paper, we considerthe generalcasewhena delay in feedbak cortrol
is presen. Thus, we considera more generalnonlinear cortrol, K[A] = pmax, JA(X;t  )j,
p > 0where = constis the corrol delay. Obviously, the stationary solutions of (2) are
not a ected by the delay. Howewer, the cortrol delay may changethe stability properties of
solutions and create new dynamic regimes.

The paper is organizedas follows. In Sec. 2, we presen stationary localized solutions
for Egs. (1) and (2). In Sec. 3, we perform the linear stability analysisof thesesolutions.
We will show that the localizedsolutionsare unstablein the absenceof cortrol, while in the
presenceof an undelayed cortrol there exist two branchesof solutions, oneof which is always
stable and another oneis unstable. We will also shav that the delay of cortrol may lead
to an oscillatory instability of the localizedsolutions,and nd the linear stability boundary

(p). Sec.4 is dewted to nonlinear simulations of nite-amplitude pulse oscillations. Sec.

5 contains concludingremarks.

II. STATIONAR Y LOCALIZED SOLUTIONS

For < 0, upon rescaling,one canrewrite Eq. (2) as

% = (s KADA+ % + JAPA; @3)

where

s= sign( ); K[A] = pmaxjA(t  )j;

without a lossof generality.

Eq.(3) hasa stationary localizedsolution,
A(X) = Ag(X) = R(X  Xo)€ ; (4)
wherexy and are arbitrary constars,
R(Y) = ' 2k(@seblk(@yl 1 <y<1; ©)
and k(q) is a positive root of the quadratic equation,

k? 2kq+s=0;q= p:IO 2: (6)
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In the subcritical region,s= 1, there exists only one solution branch,
k(q):q+qur1;1 <q<1: 7
Speci cally, for g= 0, i.e. in the absenceof cortrol, the localizedsolution hasthe form
R(y) = pisedny; 1 <y<1: (8)

In the supercritical region, s = 1, there are two branchesof solutions,

Y
k@=qg ¢ 1L q9 L 9)
Note that for any localizedsolution the e ective linear growth rate,
0=s K[A]=s 20k(@= [k(q)*< 0 (10)

in the whole region of the localized solution existence.

I1l.  STABILITY OF LOCALIZED SOLUTIONS
A. Formulation of the problem

Obviously, the stability of a localized solution does not depend on xo and . Below,
we setXo = = 0, and considerreal Ap(x) = R(x). In order to investigate the stability,
we considerthe ewlution of a disturbance on the badkground of the stationary solution.

Linearizing Eq. (3) around the localizedsolution (4),
A(X; 1) = Ag(x) + A(X; 1); (11)

we nd:

@ _ @AY ,
@ @
+AS(X)A (x;t)  20k(g)ReA(0;t  ):

[s  20k(q) + 2A5(X)IA(X; 1) (12)

It is assumedthat jA(x;t)j is boundedfor x ! 1 . De ne A(x;t) = A (x;t) + iA(X;1),

where A, and A; are real functions. The problemsfor A, and A; are decoupled:

@6l _ @AY | 1o gk + 321 (x: 1)

@ @2
20k(Q)A: (0, ); (13)

i (X Ai(X;
@g h.@ @(()2( V., [s  20k(g) + AF()IA(X; t): (14)
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Here,
Ao(x) = P 2k () set [k(g)x]:

Introducea new coordinate, z  k(g)x, and considernormal modes,
A (x;t) = u2)e’; Ai(xt) = v(z)e

Taking into accoun relation (6), one obtains an equation which is valid in both subcritical
and supercritical cases:

6k? u(0)e .
k2u%% K2 = 2kg———:juj<1:z! 1 ;: 1
) cosif z ! 4 cosnz Y  Z ’ (15)
K2v0% K2 A v=0;jvj<1;z! 1 ; (16)
cositf z ’ Co ’

where® meansthe di erentiation with respect to z.
The problem (15) descrikesamplitude disturbancesof the localized solution, while (16)
descritesits phasedisturbances.

B. Phase disturbances

Let us start with the problem (16). Rewrite it as
V% (1 2cosh?z)v= ( =K®)v;jvj<1;z! 1 ; (17)

to obtain the well-known eigervalue problem for the Sdiredinger equation, which is ex-
actly sohable (see,e.g.® or’). The cortinuum spectrum of the problemis ( =k?) > 1,
hence,it doesnot produce any instability. The only discreteeigervalueis = 0, with the

eigenfunction

v(z) = set z;

which correspndsto an in nitesimal changeof in (4).

C. Amplitude disturbances

In the presen subsection,we analyzethe non-local eigervalue problem (15).



1. Stability in the absene of the control

In the caseq = 0 (no cortrol) , the localizedsolution existsonly in the subcritical region,
s= 1,andisdescrited by Eq. (4) with k = 1. The eigervalue problem (15) canbe written
as

u% (1 6set’z)u= ujjuj<l;:z! 1 : (18)

Again, the cortinuum spectrum of the problemis locatedat < 1 and doesnot produce

any instability. The discretespectrum includestwo eigervalues,”:

= 0; u= sinhz sed?’z;

=3 u= sed’z:

The rst mode correspnds to a translation of the localized solution (an in nitesimal
changeof X, in (4)). The secondmode resultsin the instability of the subcritical localized

solution in the absenceof cortrol.

2. Stability in the presene of the control

Now considerEq. (15) in the casewhencortrol is presem, g6 0. Obviously, < k?< 0
for any disturbanceswhich do not decgy asz! 1 . Hence,for the stability analysisit is
sucient to considerlocalized solutions with Re > k2. Due to the symmetry of Eq.
(15), any eigenfunctionscan be represeted by either even or odd functions of z. For
odd eigenfunctions,u(0) = 0, and one returns to the uncortrolled casediscussedabove.
Therefore,later on we consideronly even solutions of Eq. (15).

a. Analytical solution of the linear stability problem Onecan x the norm of the eigen-

function u(z) by the condition u(0) = 1, and presen the eigervalue problemin the form

2\ —
R TRl e L SRR D
ju! 0 z! 1 ; (20)
where
,_ tk¥ s+ k?
r<= 2 T m = iz



Accordingto (7), in the subcritical region, s= 1,
2q
q+ F+1
Hence,0 < m < 1 for the stabilizing cortrol (> 0),and 1 < m < 0 for the destabilizing

cortrol (g< 0). In the supercritical region,s = 1,

2
mz—pqz:;
q ¢ 1

whereq 1 (see(9)). Onecanseethat 1< m 2 for the upperbranchand2 m< 1
for the lower branch. Thus, the stability of localizedsolutionsin all the casesmertioned in
Sec. 2 can be studied by meansof Eq. (19).

The eigervalue is above the cortinuous spectrum if Re(r?) > 0. The instability corre-
spondsto Re(r?) > 1.

The generalsolution of Eg. (19) can be written as
u(z) = uo(2) + up(2);

whereuy is the generalsolution of the homogeneougquationand uy is a particular solution
of the inhomogeneougquation. Sincewe areinterestedonly in evensolutionsof the problem,
it issucient to considerthe region0 z< 1.

The generalsolution of the homogeneougquationis
Uo(z) = CM PJ(tanh z) + C" P, " (tanh 2); (21)

where PI"(x) denotesthe asseiated Legendrepolynomial. The particular solution of the

inhomogeneougquation can be found using variation of parameters,which gives

Uo(z) = Cl (2) Pi(tanh z) + C' (2) P, "(tanh z); (22)
where , 7
i 3 mexp[(1 r°) =(m 1)] P,"(tanhz) ,
c@= 2sin r : coshz 027
mexp[(1 r?) =(m 1] P,'(y) . .
2sin r "1 yzdy. (23)

The computation of the integral in (23) gives
mexpg(1 r?) ]=(m 1)
2(3 r)sinr
315wy 23 w15 W) | (24)
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wherew = (1+ y)=1 vy)= (1+ tanhz)=1 tanhz), and
Z

1+

7(W+1)ndwz 1+ oF1(n;1+ 52+ 5 w): (25)

Ia (W) =

Here,F; is a con uent hypergeometricfunction. Thus, the generalsolution of the problem
reads
u(z) = (C" + cl)Pi(tanh z) + (C" + C' )P, "(tanh z): (26)

Condition (20) leadsto following valuesof the coe cien ts:

mexp(1 r3) =(m 1)] (1 r? r o
2(3 +r)sin r 5 Se€C5 ch=o (27)

ch =

Finally, applying the condition u(0) = 1to Egs. (24), (26) and (27), and usingthe properties
of the -function and hypergeometricfunctions?, onearrivesat the following relation,

mexp[(1 r?) =(m 1)] 3r+r2 1 r+1 r+3
2r(4 r? 2 4 4

=1 (29

where (x) = qx)=( x) is the logarithmic derivative of -function. Eq. (28) descritesthe
dependenceof the growth rate onthe cortrol parameterfor both subcritical and supercritical
regionsin an implicit form.

b. Stability of localized solutions under control without delay. First, let us considerthe

caseof undelayed cortrol, = 0. In this case,
m r2 1 r+1 r+3
— 3+ =1 29
x@ ) T2 4 4 (29)

For monotonic disturbances(real r), the dependencem(r) can be found explicitly; it is
showvn in Figs. 1 and 2. One can seethat for any m < 2 there are two valuesof r, one of
which is larger than 1. This meansthat the localizedsolutionsin the subcritical region, as
well asthe upper branch of the localized solutionsin the supercritical region are unstable.

In the region2 < m < m = 2:02193,both valuesof r are real and lessthan 1. For
m > m the two eigervaluesr are complex conjugate, with Re(r?) < 1 (seeFig. 2). For
large m, the leadingorder terms of the asymptotic expansionfor r(m) can be written in the

form
(m 4) P
=—"e
4
Hence,the stability condition Re(r?) < 1 is not violated in this case.

ms2, P s (30)

Therefore,the lower branch of the localizedsolutionsin the supercritical regionis stable

in the whole region of its existence,m > 2, i.e. for p > P 2. The stability of the localized
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FIG. 1. Dependencem(r) de ned by (29).
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FIG. 2: Real parts of r(m) de ned by (29) for m < m (two real eigervalues)and m > m (two

complex conjugate eigervalues).

solutions under the global cortrol was recerily obsened in numerical simulations®. Note
that the neutral disturbance(r = 1) correspndingto the mergingpoint of the two branches
(m = 2) canbe expressedy meansof elemetary functions, u(z) = set1z zsinhz seh?z.

Typical eigenfunctionsu(z) correspnding to the localizeddisturbancesat the lower (sta-
ble) branch (r = 0:96) and the upper (unstable) branch (r = 1:02) are shown in Fig. 3.
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FIG. 3: Typical dispersioncurvesde ned by (28), shawing the real part (solid lines) and imaginary

part (dashedline) of the perturbation growth rate asfunctions of the cortrol delay

Note that the eigenfunctionsare even, as expected.

c. Stability of localized solutions under delayel control Let us considernow the case
of delayed cortrol, 6 0, descriked by (28). Obviously, the monotonic stability boundary,
r2 = 1, is not changedby the delay. Hence,the boundary betweenmonotonically stable and
monotonically unstable solutions,m = 2, is unchanged. Therefore,the localizedsolutionsat
the upper branch are unstable. Howeer, the delay can produce an oscillatory instability of
the supercritical localizedsolution correspnding to the lower branch. A typical dependence
of the growth rate on the delay parameter for a xed value of p is showvn in Fig. 3.
The growth rate of a monotonic mode cannot crossthe value = 0 at a nite value of ,
but the real part of the growth rate of the oscillatory mode does crosszero. Note that for
su ciently large the pair of complexconjugateeigervalueswith Re( ) > 0O is transformed
into a pair of real positive eigervalues,i.e. the instability of the stationary localizedsolution
becomesmonotonic.

The region of the localized solution stability is presemed in Fig. 4. The end point of
the oscillatory instability boundary correspndsto p = P 2and = (1 In2)=3 0:1. For
p 1, ! =2,
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FIG. 4: Stability boundariesof the localized solution (4)-(6) in ( ; p)-plane.
IV.  NUMERICAL  SIMULA TIONS

We have performednumerical simulations of Eq. (3) with delayed cortrol term, by means
of a pseudo-spctral code with periodic boundary conditions and time integration in Fourier
space,using Crank-Nicholsonsthemethe linear operator and Adams-Bashforthone for the
nonlinear one. Fig. 5 shows the spatio-temporal diagrams of solutions for the parameter
values inside the stability domain and outside it (see Fig.4). For parametersinside the
stability domain, oneobsenesthe formation of a stationary localizedsolution after transiert
oscillations (Fig. 5a). With the increaseof the delay above the critical value .(p) shovn in
Fig. 4, the localizedsolution becomesunstablewith respectto oscillatory instability leading
to the formation of an oscillating localized pulse. The formation of sud pulseis shown in
Fig. 5b. Our numerical simulations con rm the results of the linear stability analysisvery
well.

We have alsofound that, with the increaseof delay, alocalizedoscillating pulseis formed
near the instability threshold only if the value of the cortrol parameter is large enough,
p>p 28. For p< p the oscillatory instability is subcritical and leadsto blow-up. For
p > p the instability is supercritical; it resultsin an oscillating localized pulse, with the
oscillation amplitude growing with the growth of the delay near the instability threshold as

( ¢)¥2, asshawn in Fig. 6b. The phaseportraits correspnding to the pulseoscillations
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FIG. 5: Spatio-temporal diagrams of numerical solutions of Eq. (3) for p= 50and (a) = 1.4

(stationary localized solution), (b) = 1:9 (oscillating localized pulse).

are showvn in Fig. 6a. For a givenp > p, whenthe delay approatesa threshold value
, the solution blows up due to merging of stable and unstable limit cycles. This is also

illustrated in Fig. 6b.

V. CONCLUSIONS

We have investigated the dynamics of subcritically unstable pattern forming systems
under the action of a delayed global feedba& cortrol within the framework of the cortrolled
Ginzburg-Landau equation for the pattern envelope function (3) . The cortrol is basedon
the measuremen of the pattern maximum amplitude. We have shavn that the feedba&
cortrol stabilizesa stationary localized solution of eq. (3) determinedby (4)-(6) that leads

to formation of spatially localized patterns. The localized solution can exist only if the
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FIG. 6: Results of numerical simulations of Eq. (3) showing: (a) { phaseportrait of oscillating
localized pulsesfor p = 5.0 and = 147, 1.48 1.5; 1.6; 1.7; 1.8; 1.9; 1.948 1:950 1.951;the
values of jAj correspond to the spatial location of the pulse maximum. (b) { amplitude of an

oscillating localized pulse, jAj, asa function of delay

value of the cortrol parameter is larger than P 2. We have performed a linear stability
analysisof this solution and obtained an analytic dispersionrelation (28) that determinesthe
perturbation growth rate on the valuesof the cortrol strength and delay. The linear stability
analysisshows that with the increaseof delay the stationary localized solution exhibits an
oscillatory instability. Stability regionin the cortrol strength-delay planeis found. We have
shown that this instability can be either subcritical, leadingto a blow-up, or supercritical,
leading to the formation of spatially-localized oscillating pulsescorrespnding to localized
oscillating patterns. We have performed numerical simulations of Eg. (3) that con rmed
these conclusions. By meansof numerical simulations we have found a critical value of
the cortrol parameterabove which the formation of delay-driven localizedoscillating pulses
is possible. We have also found that with further increaseof delay the pulse oscillation

amplitude blows-up due to merging of stable and unstable limit cycles.
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