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Abstract

The relations between the Bernoulli and Eulerian polynomials of higher order and the com-
plete Bell polynomials are found that lead to new identities for the Bernoulli and Eulerian
polynomials and numbers of higher order. General form of these identities is considered and
generating function for polynomials satisfying this general identity is found.

1 Introduction

The history of the Bernoulli polynomials B,,(s) counts more than 250 years, as L. Euler first studied
them for arbitrary values of the argument. He introduced the Euler polynomials E,(s), the general-
ization of these polynomials to the so-called Eulerian polynomials H, (s, p) was made by Frobenius
[5]. The Bell polynomials [4] also appeared to be useful in combinatorial applications.

In 1920s N. Norlund [7] introduced the Bernoulli B,(Lm)(s]d) and Euler polynomials E,(Lm)(s\d) of
higher order adding parameters d = {d;}, 1 < i < m. Similar extension for the Eulerian polynomials
Hr(Lm)(s, p|d) was made by L. Carlitz in [3].

The Bernoulli and Eulerian polynomials of higher order appear to be useful for the description of
the restricted partition function defined as a number of integer nonnegative solutions to Diophantine
equation d - x = s (see [9]). The author showed in [10] that the restricted partition function can be
expressed through the Bernoulli polynomials of higher order only.

It appears that there exist relations that connect the Bernoulli, Euler and related polynomials
and their higher order generalizations to the complete Bell polynomials. These relations presented
in Section 3 give rise to new identities for the polynomials of higher order, and the identity for the
Fulerian polynomials is discussed in Section 4. In Section 5 we introduce a more general form of
the abovementioned identities and find the generating functions for the polynomials satisfying these
relations. The Section 6 is devoted to derivation of new relations for the Bernoulli polynomials of
higher order.
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2 Bernoulli and Eulerian polynomials and their generalization to
higher order

The Bernoulli B,,(s) and Euler E,(s) polynomials are defined through the corresponding generating
functions
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Frobenius [5] studied the so-called Eulerian polynomials H,(s, p) satisfying the generating function
Z H,(s p = (p# 1), (2)
n=0

which reduces to definition of the Euler polynomials at fixed value of the parameter E,(s) =
H,(s,—1). The Apostol-Bernoulli [I] and Apostol-Euler [6] are the particular cases of the Eulerian
polynomials.

Introduce the generalized Eulerian polynomials through the generating function
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It is easy to see that

Bp(s) =nHp—1(s,1,0), En(s) = Hp(s,—1,1), Hp(s,p) = Hu(s,p,1).

Introduce the generalized Eulerian polynomials of higher order Hr(Lm)(s, p, ald) as follows
s Qi p; - m tn
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The generating function for the Bernoulli polynomials of higher order B ( |d) reads [2]:
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It can be checked by comparison that

It is easy to see that the Euler E,gm)(8|d) [2] and Eulerian polynomials of higher order H,gm)(s, pld)
[3] can be written as
E{™(s|d) = H{™(s,—1,1d), (6)
H(s,pld) = H(s,p,1]d).



3 Bernoulli and Eulerian polynomials of higher order as Bell poly-
nomials

The complete Bell polynomials By, (a1, az, ...) [8] are defined through the generating function
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Consider Taylor series
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where B; is the Bernoulli number. Using the above expansion in (&) we have
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where a; = (—1)""1B;0;/i and o}, = o1 (d) = >_I" | d¥ denotes a power sum, so that
B{™(s|d) = By(s + a1, az,...). (9)
Setting here m =1, d =1 we find
Bn(s) = Bu(s +a1,az,...), a;=(—1)"

Consider Taylor series for the Eulerian polynomials
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where H;(p) = H;(0, p) is the Eulerian number. In a particular case with p; = p in (@) using the
above expansion we have
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i=0
where a; = —pH;_1(p)o;/(1 — p). Comparing ({I0) to (7]) we obtain
H'™ (s, pld) = B,(s — 01 + a1, a9, ...). (11)
The relations (QUITI]) are the particular cases of a general identity
H'™ (s, p,a|d) = By (s — o1 + a1, az,...) (12)
with a; = —pH;_1(p,a)o;/(1—ap) and H;(p, o) = H;(0, p, ). Note that the value of the polynomial

is equal to the complete Bell polynomial of the same order with parameters proportional to the value
of the corresponding polynomial at zero.



4 Generalized Eulerian polynomials identities

Consider a normalized distribution P(t) that can be characterized by the sequence of moments y,,
or cumulants k,. The moments generation function is P(t) itself and cumulants generation function
is In P(t), i.e.,
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It is worth to note that in the theory of symmetric functions pu, play role of the complete homoge-
neous symmetric polynomials, while k,, stand for the symmetric power sums. The above definitions
imply the relation between the moments and cumulants
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On the other hand it follows from (I3]) and (7)) that
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so that )
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Using the relation (I2)) and the definition (7)) one finds:
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The last relation leads to the following identity:
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that is rewritten as
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Setting here m = 1, dy = 1 we find for the generalized Eulerian polynomials

Hn+l(37p7 a) = (3 - 1)Hn(37p7 Oé)
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5 General case

Consider a more general problem of construction of polynomials P,(s,r) that can be represented
by the Bell complete polynomials with parameters a; being proportional to the values of the same
polynomial at some s = r, that satisfy the generalized version of (I7)

In z; #t = Qu(s, )t + Qa(sir) Y P%(,M) t, (20)
o i=1



where Q1(s,r) and Q2(s,r) are polynomials in s. Then we find

n

Paci(5,7) = Q1(5,7)Pals, 1) + Qa(5,1) 3 (2) Pe(r.r) Pai(s.7). (21)

k=0

We want to find the condition on the generating function G(s,r,t) for the polynomials P,(s,r).
Multiplying the equation (2II) by ¢"/n! and summing over n we obtain

an%('syr) " Z Q1(5,7) Pa(s,7) + Qo (s, T)Z <Z>Pk(T,T)Pn—k(S,T)] Z—r:
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The r.h.s. of the above equation evaluates to Q1(s,7)G(s,r,t) + Q2(s,r)G(r,r,t)G(s,r,t), while the
Lh.s. is obtained by differentiation of G(s,r,t) w.r.t. ¢, so that

0G(s,r,t)

5 = Q1(s,m)G(s,1,t) + Qa2(s,7)G(r,r, t)G(s, 1, 1). (22)

Consider a particular case of (22)) in the form

0G(s,r,t)

5 = Q1(8)G(s,r,t) + Q2(r)G(r,r, t)G(s,1,1). (23)

The polynomials P, (s,r) generated by G(s,r,t) satisfy the identity
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We look for solution in the form G(s,r,t) = H(s,t)F(r,t) that leads to the equation
M0 loue) - %js’ﬂ F(r,t) + Qo(r) H(r, ) F(r. ). (25)

The term in the square brackets in the last equation should be independent of s, so that the following

condition holds dln H(s,t)
n H (s,
Quls) = ——5,—

for some function M(t) defined up to arbitrary constant. The condition leads to relation

= M(1)

H(s,t) = Q=M1 (26)
and the equation (25]) reduces to the Bernoulli equation

OF (r,t)
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which has the solution
Ql( ) M (t)
CQ1(r) — Qa(r)e@r(t’

F(rt) =
The solution of (23)) reads

Qi (r )te(s
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G(s,r,t) = H(s,t)F(r,t) = (29)



where the integration constant C' is determined from the condition

Q1(r)
CQu1(r) — Qa(r)

G(s,r,0) = Go(s,r) = (30)

Finally we obtain

Go(s,m)Q1(r)eQ1 ()
Q1(r) + Go(s,1)Qa(r)(1 — e@:()t) -
Setting in the last equation r = 0, Q1(s) = s—1, Q2(0) = —p/(1—ap) and G(s,0) = (1—ap)/(1—p)
we obtain the generating function in the Lh.s. of ().
It is not difficult to generalize the above generating function to the case of polynomials of higher

order. We define the generating function G(s,r,t,d) for the polynomials of higher order pim™ (s,r|d)
as follows

G(s,rt) =

(31)
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The polynomial identity reads:

n
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The case r = s leads to the general solution
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It should be noted that the solutions (B134]) are valid only when Qi(s) is identically nonzero.
Otherwise the equation (22]) reduces to

(34)

W = Qa(s,m)G(r,r,t)G(s,r,1), (35)
that can be written in the form
oF'(r,t) _ InG(s,r,t)
% = G(r,r,t), F(rt)= 7@2(3,7‘) .

From the definition of F(r,t) we find G(s,r,t) = exp[Qa(s,7)F(r,t)] and obtain G(r,r,t) =
exp|Qa(r,r)F(r,t)]. Thus we arrive at the following equation for F(r,t)

OF (r,t
({(): ) = exp(Q2(r,r)F(r,t)),
which has the solution 0 Q. )(C — 1)
nQa(r,r)(C —
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and we obtain the solution of equation (3H)
G(s,r.t) = exp —2322;"2’ :i I Qa(r,1)(C = )| = [Qa(r,r)(C — ) 7P/ (36)



Setting in (36]) ¢ = 0 we obtain the integration constant

L —Qu(rn)/Qa(sir)
C= G, 2" . Go=G(s,1,0).
Q2(7’, ,r,) 0 0 ( )
Finally, we arrive at the solution
o sr)] —Q2(s)/Q2(r,r)
G(s,7,t) = Gy |1 — Qo(r, P)tGQ2rm)/Qalom) | TEmEEnn (37)
For r = s equation (B3] reduces to
0G(s,t
(((% ) = Qa(s)G?(s,1). (38)
The solution in this case is found from (B4)) in the limit Q1(s) — 0
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6 Identities for Bernoulli polynomials and numbers
Using the relation (@) and the definition () one finds:
(m
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The last relation leads to the following identity:
) (sid) = B 61) = 237 (1) (<1 BB o1 (41)
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Setting here m = 1, dy = 1 we find for the Bernoulli polynomials
1 " n k
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Finally setting in the above relation s = 0 we arrive at the identity for the Bernoulli numbers
> ) (D BBy = —nB,. (43)
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As all odd Bernoulli numbers (except Bj) vanish, one can find

n
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from what it follows that

B(m)(s‘d) = (S—O’l)Bm % < >Bk0'kB ( ‘d), (45)
k=1
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where the relation (47 is the well-known Euler identity and (4€)) is a particular case of the sum
identity for the Bernoulli polynomials

3 <Z> Bi(8)Bni(t) = n(s +t — )By_1(s+t) — (n — 1)Bp(s +t).
k=0
Rewrite the identity (45]) using the definition of the power sum as follows:

m n
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= (s~ 0B Gsld) + T B (sld) — - 37 BT (sld), (48)
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where
d, =dud,.

The relation (@8]) produces two new identities

S B (sldy) = n(s — 01) B (s|d) — (n — m) B (s/d), (49)
i=1
and .
> B (s]di) = m(s — 01) BGY, (s]d). (50)
i=1

Recalling the identity for the Bernoulli polynomials of higher order [7]:

B (s 4 dj|dy) — B{™HY (s|di) = B (s|d),

n

we have

> B (s + difdy) = nsBJ™) (s]d) — (n — m)B{™ (s|d). (51)
i=1
Consider a particular case of all d; = 1, i.e., d = 1; noting that 01 = m we find from (49]) the
identity derived by Noérlund in [7]

mB{™ ) (s11) = (m — ) B{™ (s]1) + n(s — m) B (s]1). (52)
It is easy to show that for arbitrary nonzero A the following relation is valid:

mBM D (s]\ - 1) = (m — n) BT (s|A - 1) + n(s — Am) B, (s|A - 1). (53)

From the last relation for m = n it follows that

B (s|x-1) = (s — Am) B (s|x- 1) = [ (s — M) (54)



Acknowledgement

The author thanks L. Fel for numerous fruitful discussions.

References

Apostol T.M.: On the Lerch Zeta Function, Pacific J. Math. 1 161-167 (1951)

Bateman, H., Erdelyi, A.: Higher Transcendental Functions, vol. 1. McGraw-Hill, New York
(1953)

Carlitz, L.: Eulerian Numbers and Polynomials of Higher Order. Duke Math. J. 27, 401-423
(1960)

Comtet, L.: Advanced Combinatorics, Chapter 2. Reidel, Dordrecht (1974)

Frobenius, F.G.: Uber die Bernoullischen Zahlen und die Eulerischen Polynome. Sitzungs-
berichte der Koniglich Preufliischen Akademie der Wissenschaften zu Berlin, 809-847 (1910)

Luo, Q.-M., Srivastava H.M.: Some Generalizations of the Apostol-Bernoulli and Apostol-Euler
Polynomials, J. Math. Anal. Appl. 308, 290-302 (2005)

Norlund, N.E.: Mémoire sur les Polynomes de Bernoulli. Acta Math. 43, 121-196 (1922)

Riordan, J.: An Introduction ot Combinatorial Analysis. Wiley Publications in Mathematical
Statistics. Wiley/Chapman and Hall, London (1958)

Rubinstein, B.Y., Fel, L.F.: Restricted Partition Function as Bernoulli and Eulerian Polyno-
mials of Higher Order. Ramanujan J. 11, 331-347 (2006)

Rubinstein B.Y.: Expression for Restricted Partition Function through Bernoulli Polynomials,
Ramanujan J. 15, 177-185 (2008)



	Introduction
	Bernoulli and Eulerian polynomials and their generalization to higher order
	Bernoulli and Eulerian polynomials of higher order as Bell polynomials
	Generalized Eulerian polynomials identities
	General case
	Identities for Bernoulli polynomials and numbers

