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SELF-SIMILARITY SYMMETRY AND FRACTAL
DISTRIBUTIONS IN ITERATIVE DYNAMICS
OF DISSIPATIVE MAPPINGS
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Abstract. We consider transformations of deterministic and random si  gnals
governed by simple dynamical mappings. It is shown that the r  esulting signal
can be a random process described in terms of fractal distrib utions and fractal
domain integrals. In typical cases a steady state satis es a dilatation equation,
relating an unknown function f (x) to f ( x ) (for example, f (x) = g(X)f ( x)).
We discuss simple linear models as well as nonlinear systems with chaotic be-
havior including dissipative circuits with delayed feedba ck.
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1. Introduction

One of the most interesting and signi cant questions in noninear dynamics is
the problem of noise in uence on chaotic motion. Traditional deterministic models
provide a fair description of averaged motion only for stabk trajectory systems.
In case of unstable motion random uctuations may grow, so that non-stochastic
descriptions fail which asks for deeper understanding andnvestigation of noisy
dynamics.

In this work we consider an evolution of simple linear and notinear noisy discrete
dynamical systems. We concentrate on the important peculiaities of the stochastic
evolution: self-similarity symmetry and fractal distribution generation.

Consider a stochastic mapping:

1) XN+ = N+F(XN)

in real d-dimensional space. Assuming, being a sequence of uncorrelated random
variables, we can write the Kolmogorov-Chapman equation, viich for largeN ! 1
reduces to the equation for the stationary (asymptotic) distribution Pg that can
be written in the form:

zZ

2 Pst(X) = dY dZzP (X Y) (Y F(2)) P«(2):

The corresponding equation for the distribution function Fourier transform
z
s(U)=  dXPg(X)expf ihX;Uig
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is given by .

3) ss(U)y= (U) dv (U;V) «(V);
z
(4) (U;V)=(2 ) 9 dYexpfihy;:Vi ihF(Y);Uig:;

where the scalar product takes the form:hX; Ui = xjuy + + XqUg.

2. Easy cases: linear deterministic and noisy mappings

We can consider a mappingl[{lL) as a transformation of a-dimensional signal in a
circuit with dissipation. It means that the mapping is contr active and its Jacobian
satis es the condition j detf @ =@xgj < 1. A steady state solution corresponds to
the stationary regime of deterministic or stochastic motion. As a preliminary we

brie y discuss several simple cases.

Linear deterministic dissipative mapping. Let us suppose that a signalX
subject to a dissipative contraction: X ! X , < 1, and mixed with an external

signal: X I A+ X. In this case we have
F(X)= A+ X; 0< < 1L
P (X)= (X);
and Egs.(2), (3) take the form of dilatation (scaling) equations:
Pe(X)= Pyt (X A);
s(U)=expf ibA;Uig (U ):

Utilizing a normalization (0) = 1 and using an iteration procedure we nd the

solution:
\'4 n b (o] T
st(U) = expf i bhA;Uig=exp ibA;Ui =exp iw ;
=0 =0
Pa(X)= (X A=(1 ));
which describes coherent accumulation in a circuit.
Linear stochastic dissipative mapping with a Gaussian nois e term.
Assuming
F(X)= A+ X;
P (X)= Pg(X;R)=( R) 2 expfh X;X i=Rg;
and solving the equations
Pae(X)= ¢ dYRy(X YiRPx 'Y A);
s(U)=expf IRHU;Ui ibA;Uig &(U)
using the same procedure we obtain the solution
¥ 1 MU 1 _ hJ; Ui
— H . H = 2 . . - . ’ - y
st(U) exp i bPA;UI 4R huU; Ui exp [ 1 4R1 5

=0
Ps(X)=Pg X A=(1 ) R=(1 & :
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Figure 1. (a) The scheme of branching forL = 6. (b) The tree
for the third generation of a pre-fractal.

It can be viewed as a result of two independent additive procsses { for both co-
herent and random components of the signal.

Linear stochastic dissipative mapping with Gaussian and Ku bo-Andersen
stochastic terms.  Let us consider a model with a mixed stochastic term: =
g+ KA. In this case:

F(X)= X
t 1
P =Pg Pxa; Pka (X) = P (X Xk);
k=0
where denotes the convolution. Now EqsI(2) () take the form:
VA 1
1 X Y X
(5) Pa(X)= = dYP(X Y;R)  pPs S
k=0
1 n 1 0
(6) st(U) = expf ZrRHJ;Uig pc exp( i hXy;Ui) (U ):
k=0

The solution of Eq.(8) by the iteration procedure leads to a dstribution with fractal
properties:
N1 _hyui© ¥ NXH °

(7) s(U)=exp  7R3— pcexp( i Xy Ui)
=0 k=0

It is convenient to represent this solution through integral over the fractal domain,
or multifractal integral (MFI). The MFI concept is discussed in the next section.

3. Multtifractal integrals

Consider the fractals with L-branch multiplication (the case of dichotomous
branching was considered in[[l]). Having assigned the valge

2 (0;1); 0 o< 1< L 1
and the contraction ratio < 1, we choose the law of branching, shown in Figure
1, and de nezthe multifractal integral of f (x), with x 2 [0;1], as
X
®) Food (s )=1lim ni a=L " BIECED
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(existence and equality conditions for the limits in (8) are formulated below). The

summation in (8) is made over all possible signature vectors, = (sﬁl) po :;sﬁn))

with components sg) 2f o; 1;::0; L 19, where = . The arguments

of the function f are de ned as follows

(9) Bl= +@  )sniha());

whereh,( )=1;; ?%:::; " Yand(a;b) = a;by+ + a,b,, and the quantities
LS] are functions of s,. Choosing normalization condition , = 1 for f 1 we

nd that
9( 1
(10) Sr=1 B
k=0
for s = s, 1 ( «) (where the denotes a "concatenation" of vectors). In this
section we assume that the conditions

Yoo X 1

1D M=) (=L
i=1 k=0

(12) Im (x)=0; Re («x)>0

hold. In this case one can interpretpx = ( «)=L as probabilities; the correspond-
ing multifractal measures induced by the multiplicative Besikovitch process were
considered in [2]. SettingX; =(1  )( + i), we represent the solution of Eq.(5)
(the Fourier transform of (7)) thro%gh the MFI

Pst(X)=  Pg(X x)d (xj; ) :
L

The following existence conditions hold for MFI:

Theorem 1. If a function f (x), x 2 [0;1], is continuous and conditions (11),
(12) hold, the sequences of the quantities, in (8) converge to a limit equal to MFI.

Proof. For certain n, the summation in (8) goes over the points of then-th
generation pre-fractal, which is the set ofL" points with coordinates ) (0;1).
By arranging the pre-fractals on parallel lines and connedng the points according
totherules, ) sK,; =sn ( k), k=0;:::L 1, we getagraphthat represents the
formation of the Cantor set forn ! 1 . Let the graph contains pre-fractals of rst
n + k generations. One can see that every point of then-th generation pre-fractal
is a parent vertex for a cluster containing a tree of the subsguent generations. The
corresponding rule of branching is given by

m T R NG mes@ ) MnGhC);
o< om< @

Ask!1 , every "small' cluster converges to a Cantor fractal, whichis similar to
the full fractal.
Using de nition (8) and conditions (11), we obtain

(13) J n+k n+ko) ] n+k nJ*J n+ko nl;

X
(14)  aek n= LM BTk gy Ty g B
S r
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Taking into account that j LS]j 1, we get an estimate

; ; X n [s]x k [r] [s] [r] [sly -
(15  jon+k nl LA L O+ i) fORD:
S r

Let f (x) be continuous on the closed interval [Q1] (thus, uniformly continuous):
8x2([0;1] 8 >0 9 B :jj< ): jfx+ ) fX)j<=2
Using the condition ) )
h i h i
E] no E]+ n(l ) E] . §]+

we can selecN for every . Employing the relations (11) and (13)-(15), we obtain:
8>0 9N 8n>N : | n+k n+koj < ;

showing that f g is a Cauchy sequence and thus converges.
We nd an alternative representation for the MFI using the si ngular distributions
approach. Introducing singular functions

X
(16) Mn(xj; )= L " ST (x By, M(xj; )= lim  Mna(xj; ) ;

we have:
A Z1 71
f()d (xj; )= FOOMKxj; ) dx - lim FO)Ma(xj; ) dx
L 0 0

The Fourier transform of the limit in (16) is a solution of a dilatation equation

Mi; )= NCj; ) ;)

9(1
NCj; )= LY (Wwexp 0@ )+ W)
k=0
and is equal to i}
oy X 1 #
Mej; )= e LY (wexp 1@ )
=0 k=0

Accordingly, the dilatation equation for the limit function (16) reads:

z

M(xj; )= ' Nx vyj; )M lyj;  dy
1
9(1

N(xj; )= L ! (W x @ X + ¥
k=0

It is possible to de ne the MFI as a limit of a sequence of de nite integrals. Such
de nition is more illustrative but in fact is equivalent to ( 8)-(12). This approach
was developed in [1] forL = 2. Here we present this formalism brie y.

De ne tEe MFI as

X
a7 f(x)d (xj; )= |irr1r|11 . #zg N Ls] f Ls] L

L S



where 7 )
X+ =

f(x) = 1 f (t)dt
X =2

and Y isdened by (9 with L=2, =3, 4=0, ;=1 For < i, fis
computed by integration over a system of nonintersecting sgmentsL, = |l
[0;1], wherelf! = [ L n [+ 1 7] The setL, is obtained from the unit
segment by the standard Cantor procedure repeated times: one rst removes from
the unit segment a middle part of length 1 2 , then the same fraction is removed
from the middle of each of the remaining segments, and so fant The measure is

constructed by assigning to each segmem[f] a weight factor [s] appearing in the
summation in (17).

The helpful intuitive picture of the pre-fractal domain L, and the cluster set
L =limy; L, embedded in [Q1] is no longer valid for% < < 1, since the

segmentsl,[f] intersect in that case. This diculty may be resolved by repl acing
the segments with rectangles and "spreading" them along thesecond coordinate.
De ne two-dimensional MFI of f (x;y), x 2 [0; 1], y 2 [0; 1] as follows
ZZ X D E
(18) fooy)d (Gyj xi yi)=lim 2" B BB

D S

n-n
X1y

We assume that & is determined by the expression that follows from (9) by

replacing with , = x;y, and that the average is taken over the regiordLS] =
SR = B 10 By 10 The rectangular cellsdy’ do not overlap if
at least one of the contraction coe cients , = Xx;y, is not larger than % This
condition is satis etzj,zin particular, for , = Z,0 < < l,and = % and then
fOod (Gyis 35)= f00d (xj; )
D L
S
If Lfor = x (for = y), the projection of D = lim,; . d3 onto the

X (the y) axis is a standard Cantor set that has the similarity dimenson D =

(log, ) ! As it was shown in [2], the Hausdor -Besicovitch dimensionD of
the whole setD is equaltoD =2=(1 log, ). Note that for = % we haveD = 1;
in this caseD is a diagonal of the unit square, and (18) reduces to a de nitantegral
on the diagonal.

4. The nonlinear lkeda mapping

Consider a circuit with a nonlinear element and a delayed feedbackl, 3, 4, 5, 6,
7, 8]. Assuming (t) being a random process with zero mean valuéh (t)i = 0,
we can write a stochastic di erence equation

(19) X({)= F(X({t Tga))+ (t Tger);

where Tqe is the delay time. For X (t) being a two-dimensional (complex) signal,

the equation (19) can be rewritten in the form of mapping (1), where Xy = X (to+

NTgel), v = (to+(N+1)Tgel), 0 to<T ge (inthis casehX;Ui = Re (XU )).

Suppose that the external noise is the Ornstein-Uhlenbeckandom process with

small correlation time ¢or Tger (the "rapid" Gaussian noise). Assuming the

transformation of a slowly varying complex valued amplitude X (t) as a phase shift
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! + ij2 + o and the dissipative contractionjXj! jXj, < 1, we nd the
nonlinear term in (1), (19) in the form

(20) F(X)=1+ X exp(i jXj?+i o)
(the lkeda mapping[3, 4]). As shown in [5, 6, 7], the random phase approximation
can be used in theintence phase mixing limit 1, which allows to replace the

delta-function in (2) by
@y F@)'th @ 1 ze')i ;
whereth i denotes an a%/erage over. Then

Ps(X)= dY Py X Y;RH1 2) Pen(Y):

The radially symmetric distribution P, describing noise caused by dynamic chao-
tization [5, 6, 7] can be written in the form
1
(21) Pa(X)=(2 ) * d ()b X I
0

\l
(22) ( )=J()(C ) ()= Jo( )

k=0
The integrand in (21) contains a factor ( ) which is a solution of the dilata-
tion equation (22). In order to simplify (21), (22), we approximate the Bessel
functi?p by a function with separated "oscillatory” and mon otonic parts Jo(X)

(x) = 2cos x % g In this approximation 9

< y4 =

1 L AP—= 2x 1 .
fen(Q) P—E e =14 Q+ ——;Q d (xj; )+cc.  ;
L

1 1
1 P ¥ ‘.

Q ;
2 k=0

( :Q)= IS = 21=2 gxp i (sniha(1)
where "is the Fourier transform w.r.t. rst argument of the monoto nic function

. Notice that quantities 5] fail to satisfy the conditions (12). Thus the Theorem
1 does not hold and we have to look for an alternative conditio of convergence.

5. Extended class of multifractal integrals

Let us consider the de nition (8) of the MFI without the condi tion (12). Now
we assume that () are complex-valued.

Theorem 2. Let the function f (x), x 2 [0; 1], be di erentiable arbitrary many
times, also let9M 8x 81 2 N : jf )(x)j < M, and let the conditions (11) hold.
Then the sequences, in (8) converge to a limit equal to MFI.

Proof. Taking into account the formula (9) and introducing the power expansion

s _X 1 | | . .
f(R)= |—,f”( YA ) (sasha( )

=0
we obtain

. . X 1 | . | X |
(23) i ni |—|Jf()( @ o’ 5] (sp; hn ()
1=0 s
7



The use of the generating function for the powers of the scalgproduct expf (s,; hn( ))g
and the Leibnitz formula allows us to perform the transformations:

n X [s] | d X ‘h
L M(sniha( ) =g7 " fle &)
S S
I yh i 1 _ i
L
j=1 k=0
X Y h X1 i
(24) = (myg;:imp)! miG o1 1 (W g
m j=1 k=0
The left Slrgnmation in (24) goes over all non-negative integes m; that satisfy the
condition i”:O m; = l,and (mg:::mp)=(mq+ + mp)!=(my!  my,!) are the
multinomial coe cient. The inequality | «j = | « j < limpliesj ?j < 1,
m 2 N. This allows us to obtain the upper estimates
i 1 i 1
Lt (W@ maxL* ( k) k =G1 G
k=0 <l k=0

P
whereG = maxf G;; 1g. Notice that the number of multipliers L * kzol K) K
with m 6 0 in (24) does not exceed the least of the numbers and |I. This allows
us to write a sequence of upper estimates:

(25)
nx [s] ' X ¥ mj( 1) l'X ' m;j
L n (sn; hn( ) (ma;:imp)! ! L ( «) K
s m j=1 k=0
X ¥ _
(26) G' (mg;::imp)! ma v ogla )"
m j=1
As result, we see from (23), (25) and (26) that
X X
(27) j n mi O e ™ |—|G' = Me®:
=0 =0
Taking into account the relations (13)-(15), (25)-(27), we nd:
X X
T R (G IR R ()
S r
X 1 X X
|_| L " Ls]f(l)( gs)) L k |[<r]( S&)l
=1 s k
R 1 X n [slf ()¢ (s) nl |X k Ir] . I
TR A G ) B D B S A ()
=1 " s r
X .
M e® |—|G' N Me® (e® 1):
=1
We see that

8>0 9N 8n>N : j ek nekoj<2Me®(e® " 1)< ;

which implies convergence of the Cauchy sequende ,g.
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6. Random processes transformations in a circuit with dissipati on
and delayed feedback.

Consider a circuit described by the equations (19), (20) in asumption that
cor  Tdel [5, 6, 7, 8]. This situation is more di cult for analysis as one should
take into account correlations between the variables = (to+ (N + 1) Tgel) with
dierent N. Now we are forced to seek the stationary solution of the gemalized
Kolmogorov-Chapman equation for the énulti-time distribut ion functions:

(28) Pst((Xs); n+1) = dYd Ps((Ys); o)

@ (Xp p FOYR)W( pers pil prr pl):
p=0

In (28) we use a short-hand notation
Pn((Xs); )= P((Xo[NTgell; X1[NTger + 1;  ;Xn[NTger + nl); [NTgell);

where X;; i =0;1;:::;n, are the signal amplitudes atNT 4¢ + i, respectively, and
denotes the amplitude of at NT 4. We also require 0 = g < 1 < <
n < n+1 = Tgel and use a notationdA  dAgdA;dA,:::.. The noise term is
assumed to be the Markovian random process with arbitrary ¢, and the transition
density function w( ; %[ ]) (the Ornstein-Uhlenbeck and Kubo-Andersen random
process were treated in [6, 7, 8]). The equation for the disibution function Fourier
transform reads 7

(29) st((Us); nea) = dvVd  s((Vs); o)

(Up;Vp) H ( p+ls p Up;[ p+1 p]);
p=0
whereH ( ; %[ ]) is the Fourier transform of w( ; %[ ]) and the function (U;V)
is de ned by (4). This function may be written in the form

=+ 5 (UV)=@ V) Te R Gy jup);
where the rst term  corresponds to the random phase approximation and de-
scribes the case othaotic motion with intense phase mixing[7, 8]. This means
that in the limit 'l in (20) one can replace by (respective approximate

solution of (28), (29) are labeled by superscript (0)). The eact and approximate
forms of (28) can be presented in the operator form:

(30) a= R+"8 ¢ 1

t ; random phase approx. ©_-p O,
st T st -

In case of the Ornstein-Uhlenbeck random process [8] the elipit formula for K
takes the form:

(31)

*
hy i ! *
IQf((us);unﬂ): e 'ReUe (( Us);Unsr) f (U€ s); qu ;
p=0 q=0 .
N R w1l 2 2.0
(( Us);Un+1) = exp 7 —Ug 1 :

p=1 g=p p p 1
9



It is evident that the operator R produces ascaling transformation (dilatation) ,
because the right-hand side of (31) contains the functions #h scaled arguments
Us. Thus the right equation in (30) is a generalized dilatation equation The
equation (28) may be viewed as an equation with the "small" ogerator "8. This
enables to obtain the solution in the form of a series expanen. Taking into account
the normalization conditions ¢ ((0);0) = % ((0);0) = 1, one nds
X n X Oj
£ (U):)= lim  R™1; a= @+ T Re 8O
' i=1 p=0

This approach was developed in [8] where the criterion of corergence was exam-
ined.
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